ABSTRACT. We discuss the explosion problem for a symmetric diffusion process. Hasminskii's idea cannot be applied to this case. Instead, the theory of Dirichlet forms is employed to obtain criteria for conservativeness and explosion of the process.
Introduction.
Let (Xt,Ç,Px), x G Rn, be a diffusion process on the Euclidean space Rn, where c is the lifetime of Xt, i.e. limt_>i(tl)) Xt(w) = oo if Ç(w) < +0O.
It is very important from the viewpoint of applications to see whether the process Xt is conservative or explosive. Such conditions for one-dimensional diffusion processes have been established by Feller [1] in connection with the classification of boundary points. His conditions are given in terms of the scale and speed measures. In multidimensional cases, Hasminskii [4] has obtained sufficient conditions for conservativeness and explosion of diffusion processes which are constructed by means of Itô's stochastic differential equations (see also McKean [11] ).
In this paper we shall investigate these properties for symmetric diffusion processes. Hasminskii's idea is not applicable to our cases because the infinitesimal generator of our process cannot necessarily be expressed in the following form:
Va d2 Ybt-*' %1 dx,dxj ¿-^ % dx{ '
However, we can make use of the theory of Dirichlet forms in order to get conditions for conservativeness and explosion. In §2, we shall prove a few general criteria for these properties.
The criteria are stated in terms of the a(> 0)-equilibrium potentials and a-capacities of the unit ball centered at the origin. In § §3 and 4, these criteria are applied to obtain conditions on coefficients for conservativeness and explosion. §3 is devoted to the study of diffusions associated with strictly elliptic differential operators of selfadjoint form with measurable coefficients. Timechanged processes and processes with singular energy measures will be treated in §4-
The main results for diffusions associated with differential operators are summarized in the previous note [7] . where Co°(Rn) is the set of infinitely differentiable functions with compact support. The bilinear form defined above is called a symmetric form on L2(R",m). Throughout this section, we assume that the symmetric form £ on L2(R",m) is closable. Thus the smallest closed extension ? of £ is a regular Dirichlet form. Consequently, there exists an m-symmetric diffusion process (Xt,ç,Px),
x G R", whose Dirichlet form is the given one ~£~, where ç denotes the lifetime of the process XtNote that the diffusion is unique up to the equivalence. See Fukushima [2] for the details on existence and uniqueness of symmetric diffusions.
Let Ga(x,dy) be the a-order Green measure defined by A simple variational technique shows that, under the same conditions as in Lemma 2.1, £a(ea,u) > 0 for any u G 7a with u > 0, m-a.e. on Bn. In particular, <fQ(eQ,u) = 0 for any u G 7a with u = 0, m-a.e. on Bn-
We are now in a position to state fundamental criteria for conservativeness and explosion of the diffusion process Xt.
THEOREM A. Suppose the hypothesis (H.l) is satisfied. Then the following statements are equivalent.
(1) Xt is conservative, i.e. P.[ç = +00] = 1 on Rn.
(2) For some a > 0,
Jr." The following proposition is a simple consequence of Theorem B.
PROPOSITION 2.1. Suppose the hypothesis (H.l) is satisfied. If Xt is transient and if the total mass of the speed measure is finite, i.e. m(R") < +00, then the explosion of the process Xt is sure.
In the proofs of the fundamental criteria for conservativeness and explosion, the following lemma plays an important role. Gaf(x)= f Ga(x,dy)f(y).
JR"
Note that Gaf is quasicontinuous. See Theorem 4.3.3, Fukushima [2] . Then
Applying Lemma 2.2 to u = Gaf, we obtain
Taking the limits of both sides of (2.1) as / Î 1 gives 
Applying Lemma 2.2 to Go/, we obtain
Here Go is the 0-order Green operator. Letting / ] 1, it follows that / e0(x)m(da;) = / G0l(x)p0(dx). In order to prove Theorem C, we need the following lemmas. Suppose that limQ¿o/R" aea(x)m(dx) = Co(Bn). Then we have JdB qo(x)po(dx) = Co(Bn). Since the total measure of po is the capacity Co(Bn), the above equality gives qo(x) = 1, po-a.e. on dBn. By the same argument as in the proof of Theorem A, we can show that qo(x) -Px[ç = +00] is identically equal to 1 on Rn. We next consider the case
Then fdB q0(x)po(dx) -0, which gives qo(x) -0, po-a.e. on dBn-Then, by the same argument as in the first case, it follows that qo(x) = 0 for all x G R". The rest is obvious from the conclusions for the first two cases. Q.E.D.
3. Strictly elliptic differential operator with measurable coefficients. In this section we will discuss the explosion problems for symmetric diffusion processes corresponding to Dirichlet forms endowed with measures i/y, i,j = l,...,n, and m absolutely continuous with respect to Lebesgue measure dx, i.e.,
We assume that for each nonempty compact subset K of R™ there exists a positive
for all x G K and £ = (&)i=i,...>n G Rn. It is well known that for the above vi3
and m, the symmetric form £ on L2(R",m) is closable. Consequently, there exists an m-symmetric diffusion process except for a set of zero capacity whose Dirichlet form coincides with the smallest closed extension ~£~. However, in the present case, we have a stronger result. In fact, there exists a unique minimal diffusion process (Xt,ç,Px), x G Rn, whose resolvent Rf restricted to a bounded open set G is continuous in the following sense: for any / G Lp(G,m) with p > n, Rff(x) is continuous on G. See, for example, Tomisaki [16] . Note that the infinitesimal generator of this diffusion coincides with the following strictly elliptic differential operator of selfadjoint form with measurable coefficients: (H.2), we employ some results in Gilbarg and Trudinger [3] . Consider the Dirichlet problem J lE^-isf-(a«jgf-w) -olu= -a in \x\ < p, ( u(x) =0 on |x| = p, where a and p are positive numbers. Then Theorems 8.30 and 8.22 in Gilbarg and Trudinger [3] ensure that there exists a unique solution ua which is locally Holder continuous in |x| < p. Let Ga denote the a-order Green operator of the minimal diffusion process in |x| < p associated with the operator l A_ö_/ _d_ b ¿-dx~ \ül3dx1
It is easily seen that upa(x) = aGal(x). Theorem 8.22 asserts that ua, a < 1, is uniformly Holder continuous on each compact subset in |x| < p, i.e., for each compact subset K C {|x| < p}, there exist positive numbers C = C(K,L,n + 1) and ß = ß(K, L, n + 1) < 1 independent of p such that \ua(x) -ua(y)\ < C\x -y]13 for any x and y in K. Taking the limit of upa as p \ oo, we obtain It should be remarked that Ichihara [6] has shown that Xt is recurrent if the denominator in the assumption of Theorem 3.1 is infinite. Thus, in this case, the process is conservative.
A function u is said to belong to H^(Rn) if u G L2oc(R") and if its distribution derivatives du/dxi G L2oc(R™). We need the following lemma. Here n = x/|x| and dS is the surface element on |x| = r.
PROOF. Let (p be an infinitely differentiable function with compact support. Furthermore, suppose (p is rotationally symmetric about the origin. We now compute / div i(pdx = -/ (f, grad d>) dx.
Jr" Jr™
The left-hand side in the above equality is equal to Therefore, by an argument similar to that in Remark 3.1, taking the continuous modification if necessary, we may assume that ea is locally Holder continuous in |x| > 1. Furthermore, without loss of generality, we may assume that all the coefficients o¿j and b are infinitely differentiable in a neighborhood of Sn_1, because conservativeness and explosion depend only on the behaviors of the coefficients near infinity. Under this assumption, ea is proved to be twice continuously differentiable on 1 < |i| < 1 + £o with £o a positive number. See, for example, Mizohata [13] .
We have Taking the limit as r Î +00, we obtain aa -(AVea,n)dS + / abdx= I aeabdx J\x\ = l Jb" Jr* < Ca(Bn) = -/ (AVea,n)dS + / abdx. J\x\=i Jb"
Thus we can arrive at the following interesting criterion for conservativeness.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use We now turn to sufficient conditions on the coefficients al3 and b for the explosion of the diffusion. We have the following theorem. We first note that according to Ichihara [6] In order to illustrate Theorems 3.1 and 3.2, we shall exhibit some examples. In particular, if ä(r) < GieC2r holds with positive constants Gj. and C2, then the above condition is satisfied. Since A+(r) = a(r) and B+(r) -1, it is easy to verify the condition in Theorem 3.1.
In the following example, it is shown that the second case in Theorem C can certainly occur. 
Xl-+ + oo
Indeed, the first component X\ of Xt is regarded as the one-dimensional diffusion process corresponding to the operator dxi \ dxi -co is an exit boundary for the diffusion Xx. Though +00 is a natural boundary for Xx, the probability that Xx approaches +00 is still positive from the assumption. The second component X2 is obviously a standard Brownian motion on R1.
Combining these, we obtain the above assertions. is satisfied, then the explosion is sure. Indeed, the hitting probability eo is given by e0(x) = l/|x|™-2 for |i| > 1. Consequently, from Theorem B, we obtain the above results.
Up to now, we have worked with diffusion processes associated with strictly elliptic differential operators with measurable coefficients. If the smoothness of the coefficients is assumed, then the strict ellipticity is considerably relaxed. Indeed, suppose the coefficients aij and b are infinitely differentiable.
Define first-order differential operators X{ by n r, Xj = / ;°ij»-, i=l,...,n.
= 1 Xj
It is well known that the operator L is hypoelliptic if the Lie algebra generated by Xf,X2,... ,Xn has the full rank in R", i.e. rank C(Xf,... ,Xn)x -n, x G Rn. See Oleinik and Radkevich [14] . In this case we can prove the same results for the process as in § §2 and 3.
4. Singular cases. In this section we shall investigate conservativeness and explosion of diffusion processes associated with Dirichlet forms endowed with measures ulJ, i,j = 1,... , n, and rn not necessarily absolutely continuous with respect to the Lebesgue measure dx. We shall study the explosion properties for the following two particular cases.
[I] Time-changed processes. Suppose that Uij(dx), i,j = 1,..., n, are absolutely continuous with respect to dx, i.e. ^(dx) = aij(x)dx. However the speed measure m(dx) may possibly be singular. Let m(dx) = ms(dx) + b(x)dx be the Lebesgue decomposition where ms is singular with respect to dx. Let us assume the conditions (C.l) and (C.2) for the coefficients a^ and 6. We have the following. Then we see that there exists a unique element (gi)i=i,...,n, 9i G L2oc(Rn,dx), to which Vufc = (duk/dxi)i=it...¡n converges in L2oc(Rn,dx), and that Uk also converges to zero in L2oc(R",dx).
For any 0 in Go°(R"), and Hunt's estimate for the hitting probability of the unit sphere by the diffusion. We shall exhibit some examples of speed measures which charge no set of Gocapacity zero. The following lemma is useful in the construction of examples. This lemma follows from Kelvin's principle (see, for example, Itô and McKean [9] ), because the capacity G° is equivalent to the corresponding capacity with respect to a standard Brownian motion. 
t^^Ldx-dx-^ ]
on L2(R",dx). From now on, we assume (C.5) ai} is of the Cn°-class on R", where n0 = [(n -l)/2] + 1.
Tomisaki [15] has shown under the above conditions that three exists a unique diffusion process (Xt,Ç,Px), x G Rn, whose Dirichlet form is the closed extension ~£ of £, and whose resolvent R\ is continuous in the sense that for each / G L2(Rn,dx) n Lp(Rn,dx) with p > n, R\f(x) is continuous in R". It is obvious from Theorem 9. Taking limits in the above inequality, we obtain co(r) < y/Q^J J+" ¿-"Ä^s)-1 ds /yfiS^, which completes the proof. Q.E.D.
